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DIFFERENTIATION OF ENERGY FUNCTIONALS
IN THE PROBLEM OF A CURVILINEAR CRACK
IN A PLATE WITH A POSSIBLE CONTACT

OF THE CRACK FACES

E. M. Rudoy UDC 539.375

A problem of equilibrium of a cracked plate is considered within the framework of the Kirchhoff—Love
model. Non-penetration conditions in the form of inequalities (Signorini-type conditions) are set on
the crack faces. The behavior of the energy functional is studied for the case of a rather smooth
perturbation of the domain of the general form. Sufficient conditions for the existence of the energy
functional derivative with respect to the parameter of domain perturbation are derived.

Key words: elasticity, crack, Griffith criterion, variational inequality, energy functional deriva-
tive, non-smooth domain.

Introduction. The Kirchhoff-Love model for a clamped plate is considered. The plate is in equilibrium
under the action of an external force and contains a vertical curvilinear crack.

In this work, we study mathematical issues of the theory of cracks, which involves the Griffith fracture
criterion. In accordance with this criterion, crack propagation starts at the moment when the derivative of the
energy functional with respect to the domain perturbation parameter reaches a certain critical value depending
only on the properties of the solid material [1, 2].

Various models that describe nonlinear cracks with one-sided restrictions were considered in [3-5].

The possibility of differentiating the energy functionals with respect to the domain perturbation parameter
was considered by various authors. Examples of linear boundary-value problems in non-smooth domains can be
found in [6-8]. Variations of solutions, stress-intensity coefficients, and other functions of geometric and mechanical
parameters with variations of the crack shape or with the crack growth (including the cases with a curvilinear crack)
were studied in [9-17].

The papers [18—-28] deal with investigations of energy functional differentiability for boundary-value problems
with one-sided restrictions on the boundary. Invariant integrals for various perturbations of the domain were
obtained for such problems with the use of a formula for the derivative [19, 20, 25]. In [18-25], the cracks were
assumed to be rectilinear or plane; otherwise, additional conditions were imposed on the domain perturbation. An
asymptotic curve of the energy functional for curvilinear (surface) cracks was derived in [26-28].

In the present paper, we consider a general-type perturbation of a domain with a crack, which depends on
a small parameter €. The energy functional is determined in the perturbed domain. The behavior of the energy
functional in the case of domain perturbation is studied by the method proposed in [26, 28]. In this case, in contrast
to [19, 20, 22-24], a one-to-one correspondence between the sets of admissible displacements of the perturbed and
non-perturbed problems is not needed. Sufficient conditions for the existence of the energy functional derivative
are found.
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Fig. 1. Mid-surface of a plate with a crack.

1. Statement of the Problem and Formulation of the Basic Result. Let us consider a domain {2
with a smooth boundary 95, which is bounded in a space R2. Let a curve Iy be located rigorously inside the
domain. Let us make some assumptions concerning 2 and I'y.

Assumption 1. Let the set {2,090, T} satisfy the following conditions: 1) the domain € can be divided
into two subdomains 7 and 3 with a common boundary T'; 2) the boundaries of the domains £2; and Q5 are the
Lipschitz boundaries; 3) Q; Uy = Q and Q1 NQy =T 4) Ty C T'; 5) Iy belongs to the class C1'! and is a regular
curve; 6) I'g can be extended to a smooth closed curve ¥ C €. Note, in accordance with condition 5, I'g is a curve
that does not intersect itself with a normal vector existing at each point of the curve (Fig. 1).

We assume that the crack I'g in the space R? is defined in the form

T(xz)=0, x = (v1,22) € I, (1)
where T € C\2!(R?).

loc
Let us define the unit vector of the normal vy = (11, v02) to I'g. By virtue of Eq. (1) and smoothness of T,

the components of the vector vy have the form
1 07
B |VT| 8331'7
Note that VY # 0 for all z € T'g because Iy is a regular surface. We assume that the chosen direction of the normal
vy defines the positive face F(J{ , and the direction —v indicates the negative face I'j of the crack I'y.

Let us define the domain Qy = Q2 \ Iy corresponding to the mid-surface of the plate, which belongs to the
plane Ozyxzo (I'y is the trace of the crack on Ozqx2).

In what follows, the subscripts 4, j, k, and [ take the values from 1 to 2, except for cases indicated specially.
Summation from 1 to 2 is performed over repeated subscripts.

Let us define the functional spaces

H"(Qo) ={ue€ H(Q): u=0 almost everywhere on 9Q},

ow
on
where n is the outward unit normal to 92, and introduce the notation H () = HY0(Qg) x HY(Qg) x H*°(Qyp).
It should be noted that the vector-functions from the space H () can take different values on the crack faces I'y
and I'y .

Let x = (W,w) be a three-component vector-column of displacements of the points of the plate mid-
surface, where W = (w1, ws) are the horizontal displacements and w are the vertical flexures. The formulas for the
components of the strain tensor ¢;;(W) and stress tensor o;;(W') are written in dimensionless form as [3]

i (W) = (1/2)(wi j +wj,i),

1Z7 i:1,2.

H>%(Q0) = {w € H*(Qo): w= =0 almost everywhere on 8(2},

0'11(W) = Ell(W) + ké‘zQ(W), UQQ(W) = EQQ(W) + ké‘ll(W),

o12(W) = (1 — k)e1o(W), k = const, 0<k<1/2,
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Fig. 2. Displacements of the plate points on the crack.

where k is Poisson’s ratio; the subscripts after the comma indicate differentiation with respect to the corresponding
coordinate.
We assume that the non-penetration condition is satisfied on the crack [3]:

(W' > |[(Vw)'rp]|  almost everywhere on Ty

([u] = u|F:Jr - u|F5 is the jump of the function on the crack T'y).
Let f = (f1, f2, f3) be a specified vector of external loading [f; € C*(Q), where i = 1,2, 3]. We consider the
energy functional of the plate

1 1
H(QQ;X) = 2/Uij(W)Eij(W) dQQ+ 2/b(w,w) dQQ _/fthQQ,
Qo

Qo Qo
where the bilinear form b( -, - ) is defined as b(p, ) = ¢ 119,11 + @220 22 + k119 22 + k@ 200 11 + 2(1 — k) 129 12.
Then, we determine the set of admissible displacements of the points of the plate mid-surface:
Ko(Q0) ={x € H(Qo): [W'lvg > |[(Vw)'p]| almost everywhere on I'g}.
The problem of plate equilibrium can be formulated as the problem of minimization of the energy functional
on the set of admissible displacements: we have to find a function xo € Ko(€2) such that

11(Qo; = inf II(Q0;x). 2
(203 x0) XEKo(90) (03 x) (2)

It is known that problem (2) has a unique solution [3] that satisfies the variational inequality

/Uij (Wo)é‘ij (W — Wo) on + /b(’wo, w — U}Q) dQO 2 /ft(x — XQ) dQQ v X € KQ(QO) (3)
Qo Qo Qo
The solution x( of problem (2) determines the horizontal displacements and the vertical flexures of the plate
mid-surface. In the Kirchhoff-Love model, the horizontal displacements W (z) of an arbitrary point (x1,x2,z) of
the plate depend linearly on the distance from the plate mid-surface, whereas the vertical displacements w(z) of
this point coincide with the vertical deflections of the mid-surface [29]:

W (z) = Wy — z2Vuwy, w(z) = wo, |z <h

(2h is the plate thickness), as is shown in Fig. 2. In the present paper, we assume that h = 1.

For the small parameter € € (—&¢, &), we consider the perturbation ®. = (®!(z), ®%(x)), which is defined
by smooth functions ®¢ € C1(—¢g,e0; W?*°(R?)) and ®¢(x) = .

Let us fix € and apply the coordinate transformation

y =P (x) (4)
for x € Qo, ¢ € 9N, and € I'y. As a result, we obtain a perturbed domain ®.(§2) and a perturbed crack
. = ®.(Fy). We assume that the outer boundary of the domain remains unchanged, i.e., ®.(92) = 9€; moreover,
for all admissible values of ¢, the condition n(x) = n®(®.(x)) almost everywhere on 9 is satisfied (n® is the
outward normal to €2 in the new coordinates). This means that the outward unit normal n of the domain 2

transforms to the outward unit normal n® of the domain ®.(€2). Let us define the perturbed domain with the crack
as Q. = 0. () \T..
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For the inverse transformation, we assume that * = ®-'(y), where ®-! = (&', ®_,'), and there are
inclusions ®; ! € C*(—¢g, g9; W2 (R?)).

Assumption 2. For all ¢ € (—&g,£¢), we assume that the set {®.(Q), D.(0),'.} satisfies the conditions
of Assumption 1.

Similar to the space H (), we define the space H(Q.). Mapping (4), owing to its one-to-oneness and
assumed smoothness of ®., defines a one-to-one correspondence between the spaces H () and H(.), i.e., if
x(x) € H(y), then x(®-(y)) € H(Q:), and vice versa, if x(y) € H({:), then x(®.(x)) € H(Qo).

Let v® be a unit vector of the normal to the perturbed crack I'.. Let us define the set of admissible
displacements of the body points for the perturbed problem:

K.(Q) ={x € H(Q:): [W"'w®>|[(Vw)'v°]| almost everywhere on I'.}.

It should be noted that the set of admissible displacements Ky(29) in the general case does not transform to
the set of admissible displacements K. (2. ), despite the one-to-one correspondence between the spaces H () and
H(£.) owing to mapping (4). Such a transformation is not observed even for a rectilinear crack [21]. The reasons
are, first, the fact that the unit normal vy to I'g does not transform to the unit normal v¢ to I'., and, second, the
non-penetration condition contains a gradient operator, which changes its form under the action of the coordinate
transformation (4).

Let us formulate a perturbed problem of equilibrium of a plate that occupies the perturbed domain 2. as
the problem of minimization of the energy functional II(€.;x) on the set of admissible displacements K.(2.): we
have to find a function x° € K.(£2.) such that

M(Qe;x®) = inf  TI(Qg; 5
(Qe5x%) xellfli(ﬂe) (Qe5 %), (5)
where 1 1 .
mx) = / 13 (W )eis (W) d + | / b(w, w) Q. / Fx de..
Q. Q. Q.
Problem (5) has a unique solution, for which the following variational inequality is satisfied [3]:
/cn-j(W%j(W — W) dQ. + /b(ws, w - wt)dQ. > /f%x —X)dQ ¥ x € Ko(%). (6)
Q. Q. Q.

The objective of the present work is to calculate the limit

I(Q:; x°) — (L0 x0)

)

lim
e—0 IS
where xo and x° are the solutions of problems (3) and (5), respectively. If this limit exists, it determined the
derivative of the energy functional of the plate with respect to the perturbation parameter € of the domain .
Its existence cannot be proved in the general case. Under certain additional restrictions on the solution x( of the
non-perturbed problem of equilibrium or on the perturbation velocity field (4), however, it is possible to prove the
existence of the energy functional derivative.
The basic result of the present paper is the following theorem (the proof is given in Sec. 3).

Theorem 1. If
[ (G + (52 ) )l =0 )

then, for each perturbation ® € C'(—eg,c0; W2 (RN)), there exists the first derivative of the energy functional
TI(22; x®) with respect to the perturbation parameter € at € = 0, which is described by the formula

(ov(W0).

dIT(e; x° B 1
(dg X°) - /(Uij(WO)€ij(QO) - ftQO) i+, /Al(V;WO,WO)dQO
Qo Q0
+ ;Q/AQ(V, wo, wo) d€ —é/(div (V fi)wo; + div (VfS)wO) dQo, (8)
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where xo is the solution of the non-perturbed problem (2); Qo = WOV /0x; A1(V, Wy, W) and As(V,wo, wo)
are defined below; V = (V1,V3) = (3‘?5/35)’ o o, (Wy) is the normal stress.
e=

The recording (-, - )r, means the duality of the spaces HééQ (T'o) and (HééQ(I‘o))*. Note, if the solution is
sufficiently smooth, this recording means integration over the curve I'y.

It follows from condition (7) that the energy functional derivative exists if the crack faces are free from
stresses [in this case, o, (Wy) = 0].

In addition, condition (7) is also valid for

() (5 + () o] =0

For instance, the Griffith formula for a plate with a rectilinear crack was derived in [21]: T = {(z1,22): 0 < 1 <,
x9 = 0}, where | = const. The unit normal to such a crack is vy = (0,1). Let consider a perturbation of the domain

Y1 =1 — é—a(xla x?)a Y2 = T2, (9)

where the function 6 € C§°(Q) is such that § = 1 in the neighborhood of the point ({,0) and # = 0 in the
neighborhood of the point (0,0). Perturbation (9) corresponds to quasi-static growth of the rectilinear crack along
the axis Ozy. It can be easily noted that V' = (—6,0); therefore, (OV /0z + (0V /0z)")vy = (—0 2,0)". If we impose
an additional condition on 6, such that § 2 = 0 on I'y (as in [21]), we obtain the Griffith formula for a plate with a
rectilinear crack, because equality (7) is satisfied in this case.

Let us formulate and prove some auxiliary formulas and statements, which will be necessary to derive formula
(8).

2. Auxiliary Statements and Formulas. We use the following notation for the functional transformation

matrix (4):
0P, ( (bi,l (I)g,l )
Oz O, 2,
We determine the vectors corresponding to the first-order and second-order partial derivatives:
8_(8 8)t 82_(82 0? 82)t
dx  \Oxq Oxs/)’ 0x2  \0x? Ox10x9 02/

The vectors 9/dy and 9?/0y? are defined in a similar manner. Let us define the functional matrices A and
0?®. /0%

@;711 ‘1%11 52 (@;71)2 2@;,1‘1%1 (@3,1)2
)
A= | @, ®2,, |, 8x; =| @l ®l, @l ,02,+0l,02, 2,92,
‘1%722 ‘1%22 @;72)2 2(1’;,2‘1%2 (@3,2)2
Using the above-introduced notations, we can write the transformation of the derivatives in a matrix form as
0 o®. 0 0? 0?®. 0? 0
= _° = - +A . (10)

ox Oz Oy’ ox?  0z2 Oy? Oy
By virtue of smoothness of ®., the following expansion with respect to ¢ is valid:
b (x)=x+cV(x)+ri(ex) in R?, (11)

Here the function 71 (e, z) € C(—¢c0, £0; [W>*°(R?)]2) and 7 (e, &) /e — 0 strongly in [W.2°(R?)]? as & — 0.

It follows from Eq. (11) that the Jacobian J.(x) of transformation (4) admits the presentation
_ 8.
| oz
where 75 € C(—e9,c0; W (RN)) and 73 (e, ) /e — 0 strongly in W,2>°(R?) as € — 0. Tt should be noted that the
Jacobian J.(x) is rigorously positive for small values of e.

In turn, the functional matrices 0®./0x, A, and 9?®./0x? admit the presentation

0®. ov
5 = I+e¢ O +r3(e, x), ||T3(E,(E)||[WIL,COO(R2)]4 = o(e),

Jo(x) =1+4+edivV +7ro(c,2)  in R?
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Viin Vo

A=c| Viie Voo | +ra(e, @), [ra(e, @)oo (2))e = o(€), (12)
Vioa Voo
92% 2Via 2Va1 0
83:25 =I+e| Vig Vip+Vop Vau | +15(e,2), I75(e, )| w2 o0 g2y = 0(€)
0 2V o 2V 9

almost everywhere in g (I is the unit matrix). The determinant of the matrix 9?®./0x? can be expanded with
respect to € as
. >’
@) = |,
For sufficiently small values of ¢, the determinant j.(x) is rigorously positive; hence, there exists an inverse functional
matrix ¢ = (02®./9x?)~!. By virtue of Eq. (10) and J.(x) > 0 and j.(x) > 0, the inverse transformation of
derivatives can be written in a matrix form as
0 0 0? 0? 0
=V , = a , 13
Oy ox Oy? v ox? * ox (13)

where U = (0®./0x)"! and a = —(0?°®./02?) "L A(0®./0x)~!. By virtue of Egs. (12), the matrices ¥, a, and 9
can be expanded with respect to € as

=14 3edivV(x)+rs(e, x), [re(e, )| oo (r2) = ofe) almost everywhere in .

ov

UV=1-¢ O +r7(e, @), ||T7(‘€7 m)||[W110*C°°(R2)] = o(e),

Viin Vo
a = —¢ V1)12 V2712 + T'g(E, :E), ||’I”8(E, :E)”[Llo:C(Rz)]G = 0(6), (14)

Vioa Voo

2Via 2V 0

w =1—¢ ‘/1,2 ‘/1,1 + ‘/2,2 ‘/2,1 + T9(57 m)7 ||7"9(E, m)||[W110’C°°(R2)]9 = 0(6)
0 2Vi2 2Vo0

almost everywhere in .
We denote the matrices for —e in Eqs. (14) as a(V') and ¥(V'), respectively. Let us determine the nonde-
generate constant matrix K:

1 0 k
K=|0 20—k o0
k 0 1
Then, the bilinear form b(u, v) can be recorded in a matrix form
Punt_ 9%
b(u,v) = <8w2) K D2’

Applying the inverse transformation to the domain ., we can show that the crack I'. transforms to the
crack I'g. The normal vector v transforms to a new vector v. determined on I'g, which does not coincide in the
general case with the normal vector vy to I'g. The set K.(€).) experiences a one-to-one transformation to a new set

K (Q) ={x € HQo): W' . >|[(Vw)"¥’v.]| almost everywhere on I'o}.

After that, applying the coordinate transformation (4) to functions and integrals involved in the variational
inequality (6), we obtain the variational inequality

/JscijklEkl(\Ij§ W) E;j (¥; W — W,) dS
Qo

0%w. Owe\ 0% (w — w,) 0 (w — we) ot
+/Js(1/) a2 0 3:2) K<1/) e e )dQO/JEf (x —x)d%  VxeK.(Q), (15)
Qo QO
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where x.(x) = x°(®-(x)), i.e., the function x.(x), which belongs to K.(£p), is the solution x*(y) € K.(.) of
the perturbed problem (5) written in non-perturbed coordinates. Similarly, for f, we obtain f¢(x) = f(®.(x)),
x € Qo. In Eq. (15), E;;(¥; W) is the transformed strain tensor

1 8u1 8Uj

2 (3xk Wij + oz, \Ijki)’

{cijr} is the tensor of elasticity coefficients, such that ci111 = 2220 = 1, c1122 = 2211 = k, and ¢1212 = ci221 =
2112 = 2121 = (1 — k) /2, and the remaining coefficients are equal to zero.

Thus, the following theorem is valid.

Theorem 2. For sufficiently small values of €, the solution x° € K.(£2:) of the perturbed problem (6) mapped
onto the initial domain Qo with the help of the inverse transformation to (4) is a unique solution x. € K.(Qo) of
the variational inequality (15).

Let us substitute expansion (14) into inequality (15). As a result, we obtain

Eij (\117 W) =

/ JeCijri B (W U)Ey (¥; W) dQg

Qo
_ / (00 (@)eis (W) + A1 (V3 U, W) ) d€2 + o(e) Ry (U, W); (16)
Qo
0%u Ou\t 0% v
/JE (¢ Ox? ta 8sr:) K<w Ox? ta 8sr:) Yo
Qo
= /(b(u, v) +eAs(Viu, v)) dQ + o(e)Rz(u, v); (17)
Qo

/ T(F5)x d — /(ftx e div (Vs + £div (V fy)w) d + o(e)Rs(X). (18)

Qo Qo

where
0 0
Al(V; U, W) = diV VO'ij(U)Eij (W) — O'ij (U)EZJ ( 8‘13/7 W) — O'ij (W)Elj ( 8‘13/7 U),
, D*unty — 9%

Ao(Viu,0) = blu,v) div V — <8w2) (K¢(V) +9 (V)K) o (19)

()

Ry, Ro, and Rj3 are certain bounded polylinear forms.
Let us substitute the test functions x = 0 and x = 2x. into inequality (15). Then, using Eqgs. (16)—(19),
we obtain the following estimate uniform with respect to e:
xell (00 < e

Let us consider the crack I'g. After transformation (4) is applied, the curve T'y transforms to the curve I'.
described by the equation

T(y)=T(® ' (y) =0, yel.
The unit normal ¢ to I'; can be found from the formula
v: =V, T/|V,T|
After the use of Eq. (13), the transformed vector of the unit normal v, determined on Ty acquires the form
v. = UV, T/[IV,.T].
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As mapping (4) is nondegenerate and the curve Iy is regular, then |V,Y| # 0 and |¥V,Y| # 0. Moreover,
V.Y = 19|V, T|; hence, the set K.(€g) can be determined in an equivalent form as

K (Q) ={x € HQo): [W Vv > |[(Vw) " T'Wrg]| almost everywhere on I'y}.

Let us consider an arbitrary function x = (W, w) belonging to the set K.(€). This function satisfies the
condition

W'y > |[(Vw)' ¥ Wry]|  almost everywhere on T. (20)
Substituting expansion (14) of the matrix ¥ into Eq. (20), we obtain

W 4w, — E[Wt](av _ 7"7(5))VO

ox €
> ‘ [(V’w)tl/o — (V)" (%‘; (g‘;)t + 7"105(5))’}0} ‘ almost everywhere on I'y, (21)
where
r10(€) = EZ(%ZY%Z - 6(7‘7(8))th - a(g‘;)tm(a) + r7(e) + (r7(€))" + (r7(€))'r7 ().

In this case, we have ||7“10(5)||[W110,COO(R2)]4 = o(¢).

Let us prove some auxiliary lemmas.

Lemma 1. Let xo € Ko(Q0) be a solution of the non-perturbed problem (3) and x. € K-(Qo) be a solution
of problem (15). Then, there exist functions AL and A2 such that

Xl <c¢ (i=1,2)
is uniform with respect to €, and the following inclusions are valid:
XL = xo+eAl € K(Q), X2 = x: +eX2 € Ko(Q).

Proof. Let us consider a simply connected domain O with a smooth boundary ~, such that O C Q, [y is a
part of v, and the outward normal to « coincides with vy on I'g. Let us introduce the following notation:

1= (5 + (50) + "7 )ml

The function wy € H2%(Qp); hence, [Vwg] € H/2(v). In addition, dV /dx and ri(e) belong to [WL>(R?)]* ¢

loc

[COE(R2)]* [30], n € C%1(y). Then, g € H/?(v), and g = 0 outside I'y [3]. As the components of the normal n
belong to C%!(y), then gn € [H'/2()]?. Hence, there exists a function W} € [H'(O)]? such that its trace on v
equals gn. Let W} = 0 outside O. Let 0 be an infinitely differentiable finite function in €2, such that § =1 on I'g.

Let us consider the function W} = §W.. By construction, W} € H'0(Qg) x H"(Qp) and

[(Wsl)t]l/o = ‘ [(Vwo)t(g‘; + (g‘;)t + 7“105(6))1/0} ‘ almost everywhere on I'y.

Then, we consider the matrix equation
U'A=0b", (22)

where
ov 7”7(6)
ox
xo = (Wp,wp) is the solution of the non-perturbed problem. The elements of the matrix A belong to the space
Wlt)’coo (R2?), and the vector is b € HY%(Qg) x H"Y(Qyp). In addition, for all sufficiently small values of ¢, the
determinant |A| of the matrix A in Qg differs from zero. Hence, Eq. (22) has a unique solution almost for all
r € Q.

Let U} be a solution of this equation. We will show that (Ul,0) € H(Q). Indeed, the elements of the
matrix A belong to W,->°(R?); hence, they belong to the space Cp2!(R?) [30] and, consequently, |A] € C!(R?).

oc loc

As |A|(z) does not vanish for all z € Qq, then 1/|A| € C2!(R?), and hence, 1/|A| € WL>°(R?) [30]. Thus, the
839

ov. m(s))’

A:I_E(aw €

b = wi( )+ (W) (23)



elements of the inverse matrix A~! belong to the space Wlf)'coo( 2). The elements of the vector-function b belong
to the space H10(Qg); therefore, the solution U2} of sybtem (22) belongs to H1%(Qg) x H*Y ().

Let us assume that Al = (U2, 0) and show that x! = xo + €Al € K.(Qp). For this purpose, it is sufficient
to verify that x! satisfies condition (21).

We substitute the function x! into Eq. (21). Taking into account that U} is a solution of Eq. (22), we
obtain the following chain of equalities and inequalities:

o+ <100 o =) (G =" Y= @1y =7 Yo

— [Wwo + e[(WD)wo = [Wilwo + a‘ [(Vwo)t(av n (W)t n ’"106(5)),/0”

ox ox

> ‘ [(Vwo)tl/o —&(Vawy)" (g‘; + (?;;)t + 7“106(8))’}0} ‘ almost everywhere on I'y.

This means that x! = xo +£(UZ,0) € K.(Qo) for all sufficiently small values of e. )
Let us construct a sequence AZ. Similar to the function W2, we can construct a function W2 € H*9(Qq) x
HY0(Qq) such that

(W) vy = {(sz) (8V ( ' 7"10 ) H almost everywhere on I'y.

We assume that (U2)" = —Wt(ﬁV/acc —rr(e)/e)+ ( 2)t and AZ = (UZ2,0). Let us show that the function
is X2 = xe + A2 € Ko(Qo). Obviously, x2 € H(Qo); t erefore, it is sufficient to check the condition on I'y:
]

(Wvy > |[(Vw) v almost everywhere on I'g.
As a result, we obtain
Wi —ew( 00— Yy 4 1092
- = (2 = [ (3 (2 )
et =t + (1) + )]
+ ‘ [ (g‘; + (?;;)t + 7“105(8))’}0} ‘ > |[(Vwe) v almost everywhere on I'y.

The last inequality implies that x2 = x. + A2 € Ko(Q). Lemma 1 is proved.
Theorem 3. Let x: be a solution of problem (15), and xo be a solution of problem (3). Then, we have

[xe = Xoll (e, < ce, (24)

where the constant c is independent of €.

Proof. By virtue of Lemma 1, the functions x2 € Ko(2) and x! € K.(Qo) can be substituted into the
variational inequalities (3) and (15), respectively, as test functions. Summing up the resultant inequalities and using
expansions (16)—(18) and Korn’s inequalities [31], we obtain estimate (24). Theorem 1 is proved.

Let us consider the functions V~V€1 and Wf constructed within Lemma 1. By virtue of the strong convergence
of the sequence x. to the solution of the non-perturbed problem x and continuity of imbedding of the space H'(O)
in H'/2(v), the traces of the functions W} and W2 strongly converge to govy in H'/?(Ty ), where

0= [70) (g + () )]
and to zero in H'/2(T'{).

As the lifting operator acting from H'/2(7) in H(O) is linear and continuous, the sequences Wsl and V~V€2
are converging, and

”Wal - WEQ”H(QO) —0
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as ¢ — 0. Hence, these sequences converge to one limit, which will be denoted by W,. The trace of the function
Wy is govp on I'y and equals zero on Far . It follows from here that

= ov OV \t
[Wolvg = H(Vwo)t( O + (aw) )VO} } almost everywhere on I'. (25)
Thus, the following lemma is proved. )

Lemma 2. These exists a function Wy € H(Qqg) such that

w! - W, strongly in H°(Qg) x H"°(Qy),

1>
W2 - W, strongly in H%(Qg) x H"°(9y).

The function Wy satisfies Eq. (25).
Let us consider the functions U} and U? introduced in proving Lemma 1.
Lemma 3. The functions U} and U? are characterized by the convergence

Ul - Qo+ W, strongly in H°(Qo) x HY(Qy),

(26)
U2 — —Qo+ Wy strongly in H*(Qo) x H"?(Qp),
where
ov
=W :
QO 0 ox

Proof. By virtue of Eq. (24), we can pass to the limit with ¢ — 0 in Eq. (23). Then, we obtain the first
convergence in (26). The second convergence in (26) is obvious. Lemma 3 is proved.
Thus, generalizing two last lemmas, we obtain the following convergence for € — 0:

AL = (Qo + W, 0) strongly in H(Qp),

A2 — (—Qo + Wy,0)  strongly in H(Qy).
3. Obtaining the Energy Functional Derivative. Let us consider a function

Oé(E) — H(st Xs) - H(QOa XO) ,
€
where xo and x° are solutions of problems (3) and (5), respectively.
Let us consider the functional TI(€).; x) of the potential energy of the solid occupying the perturbed domain
Q.. Let us apply the coordinate transformation (4) to integrals in TI(£.; x). As a result, we obtain the functional

I1. (€205 x), which can be written in the following form if Eqs. (16)—(18) are applied:

1 1
HE(QQ;X) = 2/0'”(W)5”(W) dQQ+ Z/b(w,w) dQO _/fthQQ
Qo

Qo Qo

+; 5/(A1(V; W, W)+ Ay(V:w, w)) d — a/(div (V fi)ws + div (V f)ws) d% + o(e) Ra(x)
Qo Qo

(R4 is a certain bounded form). As the set K.(€).) is one-to-one mapped onto K.(£), we have
(2 x7) = I (Q05 x2) (27)

for all sufficiently small values of ¢ > 0.
Thus, by virtue of Eq. (27) and Lemma 1, we have
TI(2; x7) — (05 x0) _ 1= (€20; x) — T(€205 X0) - . (Qo; x0 + eAL) — (Q0; x0)
£ € - £ '
Hence, the following inequality is satisfied:
11 (Qp; AL — TI(Qo;
lim sup () < limsup =03 X0 +¢A:) ( O’XO). (28)

e—0 e—0 €
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Let us find the limit in the right side of Eq. (28). By virtue of Theorem 3, Lemmas 2 and 3, and boundedness of
the form R4, we obtain
11 (Q0; AL — (Qo; I1. (Qo; AL — I(Qo;
limsup E( O’XO+€6E) ( 07X0) _ ].lH(l) 6( 07X0+EE€) ( 07X0)
e—0 £—

= /(Uz‘j(Wo)éij(Qo) — Qo) d + /(Uij(Wo)ﬁij(Wo) — F"Wo) d

Qo Qo

1 1
+ 2/A1(V;W07W0) dQo + 2/A2(V;w07w0)d90
QO Q0

— / (div (V fi)wo; + div (Vf3)w0) dQo,
Qo

where f = (fl, fg)

At the same time, the following relations are valid:
TI(Qe5 %) = T1(Q20; x0) _ e (€03 xe) = T1(Q05x0) o T=(Q0; xe) — T(03 Xe +€AZ)

- )

€ € €
and hence, the following inequality is satisfied:

11, (Qo; — TI(Q: A2
hmi(glfoz(g) > hmi(l)lf <(Q05xe) E( 0;Xe T € a)'
e— s

By virtue of Theorem 3, Lemmas 2 and 3, and boundedness of the form R4, we obtain

lim inf L (€203 x=) = (Q0; xe +€A2) _ lim 1. Q0 x=) — TI(Q0; X< + £A2)
e 5 E— e

= /(Uz‘j(Wo)éij(Qo) — F°Qo) d — /(Uij(Wo)ﬁij(Wo) — F'Wo) d

Qo Qo

1 1
+ 9 /Al (V, Wo, Wo) dQo + 9 /AQ(V, wo, U}Q) dQy — /(le (qu,)sz + div (Vf3)w0) dQg.
Qo Qo Qo

Let us introduce the following notation:
A(Wo) = /(O'ij(WQ)Eij(WQ) - ftWQ) dQQ
Qo

We can easily see that the upper and lower limits of the function «a(e) for ¢ — 0 coincide if A (Wy) = 0. Hence, there
is a limit liﬂ% a(e), which is responsible for the energy functional derivative with respect to the domain-perturbation
parametelar.

Let us consider the expression A (W)) in more detail, using the generalized Green’s formula [3]. As a result,
we obtain

A(Wy) = — / (01,5 (Wo) + £3)i0r S — (0 (Wo), [Welo)ry — (0ni (Wo), [dori])re.
Qo

where Wor,; = Wo; — (Wguo)uol» and o, (W)) is the shear stress vector.
The function Wy is known to satisfy the equilibrium equations

—0i;,;(Wo)=fi (i=1,2) almost everywhere in g
and a certain set of boundary conditions [3] for which
o, (W) <0, o (Wp) =0  onTo.
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The equilibrium equations are satisfies in the sense of distributions, and the boundary conditions on I'y are satisfied
in the sense of the space HééZ(FO) and the space adjoint to the latter, (Hééz(Fo))*. As a result, we obtain

[ (5 + (52) )l

Thus, Theorem 1 formulated in Sec. 1 is proved.

Finally, we should note that the equality of A(Wj) to zero is only a sufficient condition of the existence of
the energy functional derivative with respect to the domain-perturbation parameter, but not a necessary condition.

Let us give the following example. Let the solution xo of the non-perturbed equilibrium problem be such
that [(Vwo)tvo] > d, where § > 0 is a certain constant. In addition, let the solution x. of problem (15) also satisfy
the condition [(Vw.)®v] > 4. In this case, the following equality holds for all sufficiently small values of e:

‘ [(Vw)tuo — (V) (‘W n (W)t n ’"106(” )uo] ‘

AWo) = (0 (W),

ox oz
-wori=feer (3 + (32 + )]

for w = wp and w = w,.
Let us consider the matrix equation
Y'B =c',
where
B oV rz(e) ¢ w0V mi(e) OV oVt rio(e)
B_I_g(aw_ € )’ C_Wo(ﬁsc_ € )—(Vwo) (8w+(8w) + € )

As in proving Lemma 1, we can show that the solution of such an equation exists (let us denote it by Y.!) and the
function x! = xo + (Y2, 0) belongs to K. ().
Similarly, we have the function x? = x. — (Y.2,0) € K¢(Qo), where

=i (0 =) e (O () )

In addition, the following convergence is valid for the functions Y.' and Y

Y! - Qo+Yy, strongly in H%°(9g) x H'(Qp),

Y2 - Qo+ Yo strongly in H"*(Qq) x H"%(Qp).
Here
oV oV \t oV
_ t = i
Y, = (Vwo)(aw+(am)), Qo Woaw-

Based on the same reasoning as that used to prove Theorem 1, we can show that the upper and lower limits
of the function a(e) coincide as € — 0. Hence, the energy functional derivative exists and

dil(Qe;x%) | _ /(Uij(WO)Eij(Qo) - fQo) dQo + /(aij(Wo)&j(YO) - fYO) o

de
Qo Q0

e=0

1 1
+ 2/A1(V;W07W0) dSd + 2/A2(V;w07w0)d90
QO Q0

- /(div (V fi)wo; + div (st)wo) dQo. (29)
Qo

Applying Green’s formula to the second integral in the right side of Eq. (29) and taking into account the
equilibrium equations and the boundary conditions on the crack, we obtain

[ (euW)eus %) — 7%t = (oW, [(Fwor (5 + (50 ) Jwa]),

ox ox
Qo
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Let us denote the right side in Eq. (8) by G. Then, we obtain

pe

dH(leaE% X°) -G <UV(WO), [(Vwo)"] (2‘; + (({;‘;)t)who'

It does not seem possible to calculate the energy functional derivative with respect to the domain-
rturbation parameter in the general case. Actually, the existence of such a derivative is not obvious, because the

e=0

non-penetration condition contains the absolute value of the jump of the derivative over the normal to the function
wy, and the derivative may fail to exist.

Nevertheless, the proof of Theorem 1 implies that the following estimates are valid:

—A(Wy) = limiélfa(s) — G <limsupa(e) — G = A (Wy).
e e—0
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